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Abstract
We discuss the first law of thermodynamics of Bardeen black hole. The presence of magnetic
monopole charge modifies the energy and we define the temperature of the system accordingly. We
introduce a lower cut-off to the spacetime by introducing a spherical surface, which can be identified
with the event horizon. The corresponding temperature is identified with Hawking temperature.
The entropy is assumed to obey the area law and we confirm this by calculating the statistical
entropy by using brick wall model.
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1
The black holes obey the laws of thermodynamics similar to a thermodynamics system.
The temperature of the black hole is related to the surface gravity and the entropy obeys
the area law [1]
SBH =
kB
4
A
l2p
, (1)
where lP =
√
h¯G/c3 is the Planck length, kB is a Boltman constant, G is gravitational
constant and c is speed of light. This area-entropy law is valid for all black holes but subject
to quantum gravity corrections.
However, there is a class of regular black holes where, it seems to be violated [2–6]. The
Bardeen black hole [7] belong to this class. Bardeen black hole was given a new meaning
by Ayon-Beato et al using the nonlinear electromagnetic source [8]. In fact the magnetic
monopole charge seem to prevent the occurrence of the singularity. Since then many black
holes solutions have been constructed by introducing nonlinear electromagnetic source [9–
13]. The problem of area law violation for these black holes arise due to the inconsistency
with first law of thermodynamics. The problem is resolved if one uses the modified form of
first law of thermodynamics [14].
Here, we revisit the problem and suggest to consider the energy of the system as if there is
some lower cut-off to the system introduced by a spherical surface. In the case of black hole
this surface will be identified with the location of event horizon. The energy of the system
consist of both gravitational energy due to black hole mass as well as contribution due
to stress tensor of non-linear electrodynamics and depends on the location of the surface.
The first law of the thermodynamics will be obeyed by the system and one can define
the thermodynamic temperature accordingly. The above mentioned procedure is just an
illumination of the ideas contained in [14]. The entropy is assumed to obey the area law
and this is confirmed by calculating the statistical entropy of Bardeen black hole using the
brick wall model [15–21].
Let us consider the action of Einstein gravity in the presence of nonlinear electromagnetic
field,
S =
1
16π
∫
d4x
√−g [R− 4L(F )] . (2)
Here R is Ricci scalar and L(F ) is the Lagrangian of nonlinear electromagnetic field,
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given by [8],
L(F ) = 3
2s g2
( √
2g2F
1 +
√
2g2F
) 5
2
, (3)
where F = FµνF
µν , Fµν is the electromagnetic field tensor, g is the magnetic monopole
charge. The parameter s is defined as s = |g|/2M , where M will be identified as black hole
mass.
The above action admits regular spherical symmetric solutions with line element,
ds2 = f(r)dt2 − 1
f(r)
dr2 − r2dΩ2, (4)
and the Maxwell field is given by, Fθφ = −Fφθ = g sin θ [2, 8]. The function f(r) has the
form,
f(r) = 1− 2m(r)
r
, (5)
and m(r) is given by,
m(r) =
Mr3
(r2 + g2)3/2
. (6)
This solution is called the Bardeen spacetime [7]. Bardeen spacetime admits regular black
hole solution for a range of parameters. In the limit g = 0, we get the Schwarzchild metric,
which is singular. The singularity seems to be resolved by monopole charge in the case of
Bardeen black hole.
The Hawking temperature of the black hole is defined to be proportional to the surface
gravity TH =
κ
2π
and is given by,
TH =
1
4π
f ′(rh) =
r2h − 2g2
4πrh(r2h + g
2)
. (7)
The entropy of the black hole can be obtained by using the first law of thermodynamics
dM = TH dS, (8)
and is given by the expression [22],
S = π
[
(r2h − 2g2)
√
1 +
g2
r2h
+ 3g2rh log(1 +
√
1 +
g2
r2h
)
]
. (9)
The first term can be shown to be proportional to area of event horizon and seems to give
area law but the presence of second term spoils it.
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The authors [14] suggested that one can recover the area law for black hole entropy
S = π r2h, provided one uses the modified form of the first law of thermodynamics for
Bardeen black hole,
C(M, rh)dM = THdS, (10)
where, C(M, rh) = m(rh)/M .
To have some understanding of the issue, let us consider a sperical surface of radius rs.
This will serve as lower cut-off to the system and can be identified with event horizon in real
practice. Let the energy (gravitational + monopole contribution) of the system with this
cut-off be denoted by m(M, rs) and let us denote the temperature of the system by T (rs),
such that,
dm(M, rs) = T (rs)dS. (11)
The energy function m(M, rs) receives the contribution from black hole mass as well as
stress tensor, T 00 of non-linear electromagnetic field and is given by [14],
m(M, rs) = M + 4π
∫ ∞
rs
r2T 00 dr. (12)
If we insist that area law of the black hole entropy is correct and compare with form of
first law (10), we immediately get the relation,
TH = C(M, rh)T∞, (13)
where T∞ is the temperature of the system if the lower cut-off is pushed to infinity. In real
practice, lower cut-off is provided by the location of event horizon. The temperature T∞
is just a convenient temperature if we naively use the energy of the system without stress
tensor contribution i.e. M .
For Bardeen black hole, however, the temperature as measured by an asymptotic observer
is TH , which corresponds to modified energy of the system as m(M, rh) and it suffices to
consider a spherical surface with radius rs ≈ rh.
The entropy of Bardeen black hole is assumed to be proportional to area of the event
horizon in the above set up. We confirm this by the calculation of statistical entropy in
brick wall model.
Let us consider the Kelin-Gordan field equation for the massive scalar field in the back-
ground (4) is
1√−g∂µ
(√−ggµν∂νΦ)−m2φΦ = 0. (14)
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Let Φ = e−i EtR(r)Y ml (θ, φ), then the equation for R(r) becomes,
1
f(r))
E2R(r) +
1
r2
∂r(r
2f(r)∂rR(r))
− l(l + 1)
r2
R(r)−m2R(r) = 0. (15)
The above equation can be solved in WKB approximation, and the density of states in
the leading order can be obtained using brick wall method [15],
πnEl =
∫ L
rh+ǫ
kEℓ (r) dr (16)
where
k2E,l(r) =
[
E2 − f(r)
(
ℓ(ℓ+1)
r2
)
+m2φ
]
f 2 (r)
(17)
and the total number of the states with an energy less than E is given by,
πNE =
∑
modes
nE,ℓ ≃
∫ ℓmax
(2ℓ+ 1) dℓ
∫ L
rh+ǫ
kE,ℓ (r) dr.
The sum over l can be performed and the free energy of the system is given by [30],
F = − 2
3π
∫ ∞
0
dE
eβE − 1
∫ L
rh+ǫ
r2
f 2(r)
[
E2 −m2φf(r)
]
dr (18)
The free energy is dominated by the modes near the event horizon and the upper limit just
provide the vacuum energy proportional to the volume of the system.
We may expand f(r) close to event horizon using the Taylor series,
f(r) = f ′(rh) (r − rh) + f ′′(rh) (r − rh)2 + . . . . (19)
The entropy of the system is given by,
S = β2
∂F
∂β
|β=βH =
r2hf
′(rh)
360
1
ǫ
−
[
r2h
360
(
2f ′(rh)
rh
− f ′′(rh)
)
− m
2
φr
2
h
12
]
log ǫ+O(1) (20)
The entropy can be expressed in terms of the proper distance of the brick wall from
horizon [15],
hc =
∫ rh+ǫ
rh
f−1/2(r) dr ≈ 2
√
ǫ
f ′(rh)
+O(ǫ3/2), (21)
and can be rewritten as
SBW ≈ r
2
h
90h2c
−
[
r2h
180
(
15r2h
(r2h + g
2)2
− 9
(r2h + g
2)
− 2
r2h
)
− m
2
φr
2
h
6
]
log hc. (22)
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The is nothing spectacular about this entropy, except that it gives area law. The divergent
terms in the entropy as the uv-cutoff hc approaches zero can be absorbed in a renormalization
of the coupling constants in the one-loop gravitational action [24–30] and one obtains the
area law.
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